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Negative Magnus Forces in the Critical Reynolds Number Regime
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A spinning two-dimensional cylinder experiences a negative Magnus lift force at small spin ratios (peripheral
speed/freestream speed) in the critical Reynolds number regime in steady incompressible flow. A comprehensive
explanation of this phenomenonis offered. A negative Magnus side force at a small spin ratio has been measured
on an inclined, spinning ogive-cylinder at a certain subcritical cross-flow Reynolds number. Through use of the
impulsive flow analogy, the two-dimensional explanation can be applied to the negative side force experienced
by the inclined spinning ogive-cylinder if the effect of the body vortices is allowed for. At both critical and
subcritical cross-flow Reynolds numbers, the body vortices produce a side force which is opposea to, and larger
than, the side force associated with the cross-flow separation positions. The cross-flow separation positions are
similar to those on a spinning two-dimensional cylinder. Starting with the measured separation and body vortex
positions, a simple potential flow model is developed, which predicts total side forces in qualitative agreement

with those measured.

Nomenclature
Cp = two-dimensional drag coefficient
C, = two-dimensional lift coefficient
Cy = side moment coefficient

Cp = pressure coefficient, (P — Py)/3.p.U?
Cy = total side force coefficient, Y/3.p.U?, .S

Cyr = local side force coefficient, ¥,/}.p. (U « .Sin 9)2

D = diameter

i =(—1)*

K = rate of discharge of circulation

k = proportion of circulation which penetrates the boundary
layer '

L = total body length

L, = nose length

n = nose

P = pressure

Re = Reynolds number, U, .Djy

Re.ross = cross-flow Reynolds number, (U, .D sin 8)/v

r = radius of cylinder

S = model base area (coefficient reference area)

t = time

1. = equivalent time (measured from the beginning of separa-
tion)

U, = freestream velocity

Usaner = velocity at the inner edge of the shear layer
U,uer = velocity at the outer edge of the shear layer

u = velocity . component parallel to the freestream [two-
dimensional, defined by Eq. (4)]

v = velocity component perpendicular to the free stream
[two-dimensional, defined by Eq. (4)]

W = complex potential

x = axial distance

Xe = equivalent axial distance (measured from the shoulder of
the nose) )

Y = total side force

Y, = local side force

y = lateral vortex component

z = complex co-ordinate in two-dimensional flow, x + iy;

normal vortex component

o« = spin ratio (peripheral speed/freestream speed or cross-flow
speed)

0 = vortex at the center of the cyllnder

1 = upper Vvortex strength (see Fig. 9)

2 = lower vortex strength (see Fig. 9)

0 = angle of incidence

Received November 1, 1971; revision received August 22, 1972.

Index categories: Subsonic and Transonic Flow; Jets, Wakes
and Viscid-Inviscid Flow Interactions.

* Research Scientist, Aerospace Division; presently at Depart-
ment of Mechanical Engineering, University of California, Berkeley,
Calif.

A = proportion of discharged circulation which reaches the
vortex

v = kinematic viscosity

P = density

T = nondimensional time, U, . t/r

¢ = roll angle

X = force correction due to neglecting the term z - 1/z in the
wake region

Subscripts

1 == upper station in Fig. 9

2 = lower station in Fig. 9

sep = separation

© = freestream

— = conjugate, as in Z=x — iy

Introduction

N general, critical Reynolds number (10° to 5 x 10%)

effects are associated with marked changes in boundary-
layer separation position. For the flow about a two-dimen-
sional cylinder, the phenomenon is explained by Tani.! It
is, perhaps, less well known that for an inclined slender
axisymmetric body, a rearward shift in the cross-flow separa-
tion position occurs in the critical cross-flow Reynolds
number range. The rearward shift in separation position
causes a reduction in the drag and cross-flow drag, respectively.

If a two-dimensional cylinder, spinning anti-clockwise,
is subjected to a steady flow from right to left, the usual
result is an upwards Magnus lift force; conventionally this
is called a positive Magnus lift force. The force arises as a
result of the boundary layers separating asymmetrically.
Under the condition of small spin ratio (peripheral speed/free-
stream speed ~ 0.2) in the critical Reynolds number range,
the boundary layer on the advancing side of the cylinder
separates further round the cylinder than does the boundary
layer on the receding side; the net result is a negative Magnus
lift force. This negative lift force was first described by
Krahn? and has been extensively investigated by Swanson.?

If an inclined axisymmetric body is spun about its longi-
tudinal axis in an anti-clockwise direction viewed from the
rear, a side force is normally developed to the right (positive
direction) due to the spin, cross-flow interaction. The pre-
sent author, in investigating the Magnus characteristics
of an inclined ogive-cylinder body,* measured a negative
Magnus side force at a small spin ratio, but at a subcritical
cross-flow Reynolds number.
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In the present paper Tani’s® explanation is extended to

spinning cylinders and linked with Swanson’s® results and
some pressure distributions obtained on spinning two-
dimensional cylinders by Griffiths and Ma.® It will be
assumed that the explanation, although strictly only applicable
to steady flow, can be applied to an impulsively started
two-dimensional cylinder. Through use of the impulsive
flow analogy, ® the explanation can then be extended to inclined
axisymmetric bodies in the critical cross-flow Reynolds
number regime.

When the two-dimensional explanation is applied to the
three-dimensional situation, it predicts separation point
changes with Reynolds number which are supported by
experiment.” It will be shown that, with the aid of a simple
potential flow model, the discrepancy can be resolved if the
influence of the body vortices is taken into account.

Two-Dimensional Results and Explanation

For a spinning two-dimensional cylinder, at small values of
spin ratio (peripheral speed/freestream speed) in the critical
Reynolds number region (UD/v = 10° to 5 x 10%), Swanson?
has measured a negative (downward) lift force (Fig. 1) and
similar results have been obtained by Griffiths and Ma.’

For the flow of a uniform freestream about a nonspinning
two-dimensional, circular cylinder operating in the critical
Reynolds number regime, the boundary layer separates
initially as a laminar boundary layer at approximately 82°
from the front stagnation point. Transition occurs in the
discharged boundary layer and the subsequent entrainment
of fluid into the shear layer causes a lowering of pressure
between the shear layer and the cylinder surface. If transition
occurs close to the initial separation position, the pressure
reduction is sufficient to cause reattachnemt of the separated
shear layer to the cylinder surface as a turbulent boundary
layer.* Subsequently, the turbulent boundary-layer separates
at approximately 135° from the front stagnation point.

Fig. 1 Variation of two-dimensional magnus lift coefficient with spin
ratio (from Ref, 3).
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Fig. 2 [Explanation of the negative magnus force.

It is apparent*»® that in the critical Reynolds number
regime, the flow around a circular cylinder is characterized
by a separation bubble in the boundary layer on each side.
With increasing Reynolds number the point of transition
advances upstream towards the separation point of the laminar
boundary layer. At sufficiently high Reynolds number,®
transition occurs before a laminar separation can take place,
no bubble occurs and the turbulent boundary layer separates
at about 110°.

For spinning, two-dimensional cylinders not operating in
the critical Reynolds number regime, the effect of spin is to
move the separation angle in the direction of spin. The
associated asymmetric pressure distribution causes an up-
wards (positive) force. In the critical Reynolds number
regime, the region of tranmsition occurs close enough to the
cylinder surface to be affected by the spin. Where the surface
moves with the outer flow, transition is delayed, i.e. the
boundary layer development is similar to that for a nonspinn-
ing cylinder at a lower Reynolds number. Conversely,
where the cylinder surface moves against the outer flow,
transition occurs closer to the separation point; i.e., the
effective Reynolds number is increased. The differential
movement of the position of transiton amplifies the differential
extent of the separation bubbles. The general situation
is shown in Fig. 2 for a Reynolds number of approximately
3 x 10% and a spin ratio of approximately 0.2.

Over the lower surface, transition occurs closer to the initial
separation than for the nonspinning cylinder; thereafter,
the shear layer reattaches, and subsequently the turbulent
boundary layer finally separates. Associated with the pre-
dominantly attached flow prior to the final separation, is a

Table 1 Postulated boundary-layer separation characteristics for
Fig. 1

a=0 a=0.1 a=0.3 o =10.8

—T TN T
Reynolds Rec. Adv. Rec. Adv. Rec. Adv. Rec. Adv.
Number side side side side side side side side

3.6 x 10* L¢ L L L L L L LjT*
33x10%5 L/T LIT L Lit L LiT L LT
& B° & B & B
LT LT LT LT L LT L LT
&B &B &B &B

5% 105

41, = Laminar.
b T = Turbulent.
¢ B = Laminar separation bubble.
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low pressure region outside the boundary layer. Over the
upper surface, transition occurs too far from the cylinder
surface to cause reattachment. The pressure recovery after
separation implies a region of relatively high pressure over
the upper surface of the cylinder. The net effect is a lift
force directed downwards. Measured pressure distribuions
about a spinning cylinder® support the model shown in Fig. 2.
For the results shown in Fig. 1(with the model shown in Fig. 2
in mind), it is suggested that the state of the separating
boundary layers is as shown in Table 1.

Impulsive Flow Analogy

In order to apply the explanation of a two-dimensional
phenomenon to a slender axisymmetric body at incidence,
it is convenient to make use of the impulsive flow analogy.®

The impulsive flow analogy, which is illustrated in Fig. 3,
states that the cross-flow behavior at any axial station a
distance, (x. . tanf)/ D, downstream of the beginning of cross-
flow separation is equivalent to the flow about an impulsively
started two-dimensional cylinder at a time, Ut./D, after the
beginning of separation. In the present paper, the beginning
of cross-flow separation is taken as the base of the nose
section. This was confirmed experimentally in Refs. 4 and 7,
and is in agreement with the large incidence results of Ref. 9.
The beginning of separation for the flow about an impulsively
started two-dimensional cylinder is given by U/D = 0.176.*°

If the impulsive flow analogy is to be used to link the
results for the impulsively started two-dimensional cylinder
to those for the three-dimensional body at incidence, then
it is necessary to compare the variation of gross properties
of the flow at the same Reynolds number (and Mach number if
applicable) with nondimensional time (Ut./D) and non-
dimensional axial distance [(x..tanf)/D]. For the inclined
three-dimensional body, the relevant Reynolds number is the
cross-flow Reynolds number (i.e. based on the cross-flow
velocity rather than the free stream velocity). The gross
properties are typically the viscous normal force, the side
force (if the model is spinning), the . cross-flow separation
angles and the co-ordinates and strength of the body vortices.
The measurement of such data and the use of the impulsive
flow analogy is indicated in Table 2.

The impulsive flow analogy has been applicd most commonly
to the viscous normal force for nonspinning slender bodies of
revolution at high incidence® !¢ and some attempt has been
made to develop the impulsive flow analogy rigorously.??
If one postulates that the local side force coefficient Cy., is a
function of spin ratio, «, and axial position, (x. . tanf)/D, it
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Fig. 3 The impulsive flow analogy.

can be shown* that the total side force coefficient Cy is pro-
portional to the integration of the local side force coefficient
over the body length, with respect to (x. . tanf)/ D at constant
[+4

In particular,

tanf- Cy 4 (=5 X. - tand
sin?d ;an-tano Cri-d D @
D
and

—Cy 4 78 X, - tand X. - tanf
cos?d ;an-mo Crr D d D @
D

where L, is the nose length.

Thus by plotting the functions on the left-hand side of
Egs. (1) and (2) against (x. - tanf)/D, the impulsive flow
analogy can be used to compare bodies of differing lengths.

The variation of side force coefficient with spin ratioisshown
at various Reynolds numbers, and for two body lengths in

Table 2 References relevant to the impulsive flow analogy

Impulsively started two-
dimensional flow

nonspinning spinning
Viscous
normal force 11;
Side force
(spinning model) — 15%;
Cross-flow
separation
angles 15; 15;
Position of 12,13,14, 15;
body vortices 15;
Strength of
body vortices 13;

Flow about inclined Use of the
axisymmetric body impulsive flow
analogy for
correlation
nonspinning spinning
94,16%; 4,7,20; 21;
— 4,7,20; 15;
7; 7; 15;
9,16,17, 4,7,20; 15,19;
18,21;
9,16°17°,
18,21; 19,214;

¢ From pressure distribution.

b Deduced from vortex and cross-flow separation positions.
¢ Deduced from normal force and vortex positions.

2 Same authors?2

indicate vortex strengths can be correlated better, with vortex strengths behind cylinders in steady two-dimensional flow, if the array of

vortices behind the inclined axisymmetric body is considered as a Karman vortex street that has been swept back in the flow direction by the mainstream.
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Fig.4 Variation of side force coefficient with spin ratio, Reynolds
number and body length on a spinning, ogive-cylinder at an incidence
of 30°.

Fig. 4. These results are taken from Refs. 4, 7, and 20 and
refer to a spinning inclined ogive-cylinder. They illustrate
how wide the variation of side force is with model length. By
making use of Eq. (1) above, the: side force results can be re-
plotted to show the variation with the parameter, (x. - tanf)/
D, at constant spin ratio, «. The results of this are presented
in Fig. 5.

It is apparent that use of the impulsive flow analogy has
caused considerable contraction of the results. At first
sight one might expect all the results to lie on a single curve.
Since, for each body length, each data point corresponds to a
different incidence it also corresponds to a different cross-flow
Reynolds number (UD sinf)/v; thus a certain scatter is to be
expected. It can be seen that when UD/v =15 X 10%, at
which the negative side forces occur, the family of curves
grows out of the upper family, i.e. at small (x. - tanf)/D the
results are positive for all Reynolds numbers.

A typical variation of body vortex positions with non-
dimensional time and nondimensional distance along the slen-
der body is shown in Fig. 6.!5 These results are for a spin
ratio of 0.5 and compare vortex positions obtained from an
impulsively started two-dimensional cylinder, Re =6 x 103,
and from a tangent ogive-cylinder at cross-flow Reynolds
numbers, Recoss = 1.5 X 103 —2.5 X 10*. The agreement
is reasonable at corresponding Reynolds numbers, particular
at large values of Ut./D, (x.-tanf)/D. On the side of the
cylinder which is receding in the cross-flow direction, the
results at Regoss = 2.5 X 10# are not in agreement with those
at the lower Reynolds number. However, it is at precisely
this condition that the negative Magnus force occurs. It will
be shown later that the body vortices cause the negative
Magnus force and, in particular, that the vortex, on the side
where the cylinder is receding, has the greater effect.

Generally the body vortex positions can be correlated
closely using the impulsive flow analogy in the spin ratio
considered, i.e. «=0 to 1. The impulsive flow analogy
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Fig.5 Variation of modified side force coefficient with length
parameter at different Reynolds numbers and a spin ratio of 0.5.
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correlates corresponding separation angles reasonably well'®
at zero incidence, but the correlation progressively deteriorates
with the increasing spin ratio. The deterioration may well
be connected with the increasing difficulty of measuring
separation - as the spin ratio increases. A typical variation
at « = 0.5 is shown in Fig. 7.

In general, the impulsive flow analogy gives a sufficiently
accurate correlation to allow the explanation, of the negative
Magnus lift force in two-dimensional flow, to be used as the
basis for an explanation of the negative Magnus side force
experienced by spinning, inclined, slender bodies of revolution.

Application of the Two-Dimensional Explanation to the
Three-Dimensional Results

From the explanation of the negative Magnus lift force
given above it is to be expected that, for small spin ratios
(x < 0.5) in the critical Reynolds number region, the separa-
tion angle, on the advancing side of the tangent ogive cylinder,
would move in the direction of the cross-flow, i.e., opposite
to the spin direction. At Recoss = 1 X 109 this certainly hap-
pens at all axial stations as is indicated elsewhere.” At
Recross = 2.5 X 104, i.e. a subcritical Reynolds number, it does
not happen, again as one would expect. The separation angle
on the receding side of the cylinder is approximately the
same for both Reynolds numbers at all axial stations. The
results for a typical axial location are shown in Fig. 8.

Generally, just prior to separation the pressure outside the
boundary layer is low. From an examination of Fig. 8,
a local side force to the left (negative) would be expected at
Recross = 1 X 10°%, through a consideration of the separation
angles alone. Following the same reasoning, a local side
force to the right (positive) would be expected at Recross =
2.5 x 10*. The measured total side force at Recross = 1 X 10°
is to the right, with a centre of pressure approximately 75 %

of the body length from the nose. Consequently the local -

side force will also be to the right. Similarly, the local side
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force will be directed to the left at Recross = 2.5 X 104, Thus
at both Reynolds numbers, the measured side force is in a
direction opposite to that suggested by the separation angles,
and hence opposite to that suggested by the two-dimensional
explanation.

However, the flow on the leeward side of a slender body at
large angles of incidence, is characterised by two vortices,
which are aligned approximately parallel to the axis of the
body, and which spring from the nose body junction and grow
as they move downstream. Each body vortex modifies the
pressure distribution on the cylinder, by creating a low pressure
region on the cylinder adjacent to itself. The closer and stron-
ger the vortex, the more extensive and intense will be the
region of low pressure.

In the situation shown in Fig. 8, it will be the vortices
closer to the model surface which will have the greater effect.
Thus for Recoss = 1 X 10° the body vortex on the right-hand
side will be more significant. The ensuing low pressure
region over the right rear (in the cross-flow direction) of the
model will produce a force in the direction of the measured
side force. Similarly, the left-hand vortex will be more
effective at Recqoss = 2.5 X 10%, leading to a net force directed
to the left.

If the side forces are strongly dependent on the body vortex
positions and strengths, as suggested here, then it implies
that the spinning, impulsively-started, two-dimensional
cylinder will experience a positive Magnus lift force in the
critical Reynolds number region at small Ut/D. At large
Ut/ D, the steady-state results of Swanson® must be apporached
i.e. a negative Magnus lift force will occur. It is worth
noting that Swanson indicates that the negative lift force
measured was subjected to a fluctuating force component
of the same magnitude as the measured component. This
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Fig.8 Comparison of measured separation angle, body vortex
position and force direction for a tangent-ogive cylinder at
x/D = 4.55, o = 0.44 and 8 = 30°,
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implies that the effect of the body vortices being generated
and discharged gives rise to the fluctuating force. For a
spinning impulsively-started two-dimensional, cylinder at
small values of Ut/D, the three-dimensional results suggest
that a negative Magnus lift force may be produced at certain
subcritical Reynolds numbers.

Theoretical Calculation of the Side Force Associated
with the Vortex and Separation Positions

It has been demonstrated that, by including the effects of
of the body vortices, the explanation of the two-dimensional
Magnus lift force can be applied to 'a spinning, inclined,
body of revolution which is producmg a negatlve Magnus
side force.

With the aid of experlmentally determined values of vortex
and separation positions,'® it is possible to use potential
flow theory to calculate the forces on an impulsively started
cylinder,?* after a nondimensional time Ut/ D equivalent to the
axial distance (x - tan#)/D along the body. By integrating
the instantaneous lift force over -the equivalent Ut/D the
Magnus side force can be obtained. This can be compared
with the side force measured on a tangent-ogive cylmder at
large angles of incidence.*’

Potential flow models put forward by other investigators
have represented, by various means, those. physical charac-
teristics of the flow that are dominated by viscosity, e.g.,
the separation point, the shed boundary layer and the flow
in the wake. For example to represent the 'shear layer,
Bryson?® has postulated a connecting sheet of vanishingly
small vorticity; however this implies a discontinuous change
in pressure on the body in crossing the connecting point of
the sheet. Gerrard*® and Oberkampf and Nicolaides2”
have represented the shed boundary layer by a distribution of
discrete vortices of small strength.  Since the velocity of each
vortex has to be computed individually, this approach leads
to large computer execution time. For steady flows the wake
is usually considered an area of constant pressure and zero
velocity and the shear layer becomes a dividing streamline?®
between the freestream and quiescent wake. .In the present
model the forces on the body are required and the shear layers
do not significantly contribute to them, consequently the shear
layers have not been specifically represented.

In the wake region close to the surface it is assumed the
flow is caused only by the two main vortices and their images,
i.e., that it is not influenced by the freestream. This leads to
a pressure discontinuity at the separatlon point; to remove
the pressure discontinuity, a correction, which varies linearly
between its values at the separation points, is added on in the
wake region. . Pressure distribution  obtained on slender,
inclined ax_isymmetrlc bodies by the author and those of
Ref. 9 suggest that where the vortices are weak or far removed,
the pressure across the wake is substantially constant for a

sep.q

FREE STREAM
VELOCITY, Uy

DIRECTION
OF SPIN

sepz

Fig. 9 Theoretical flow model.
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nonspinning body. Hence for a spinning body the pressure
associated with the nonvortex effects is assumed to vary
linearly between its values at the separation points. Use of a
different equation for the complex potential in the wake
region requires a modification [see Eq. (12)] to Blasius’
equation for the forces on the body.

The impulsive flow past a two-dimensional circular cylinder
at small Ut/D is shown in Fig. 9. The complex potential
for such a flow is given by Milne-Thomson?* as

W = (z+ 1/2) + (To/27) . Inz + (iT,/27) - [In(z — 2,) —
In(z — 1/2:) + Inz] + (iT2/27) . [In(z — z2) —
In(z —1/%) +1nz] 3)

where the vortex coordinates are nondimensionalised with
r, the cylinder radius, and the vortex strengths are non-
dimensjonalized with U .r. Differentiating Eq. (3) with
respect to z gives the complex conjugate velocity,

dw 1 il
dz su—iv=1-7 +22

R RS B\
20 \z—z, z—1/7Z;, =z

i, 1 1 1

2l 1] «

2 (2—22 z—1/z, +z) )
The instantaneous forces acting on the cylinder are given by
Blasius’ theorem,?* in nondimensional form as,

Co —ch—zH( ) dz——§§Wdz] )

where 7 = Ut/r and W and z etc. are nondimensionalized as
in Eq. (3). '

The rate at which circulation from the boundary-layer
flows past any plane section of a shear layer is

_f (———-)-u-dy ©)

Since (dv/ox) is small compared with ou/dy the integration
gives the approximate result

K~ 1%(ljzouter - Uzinner) (7)

where Uouier and Uinner are the velocities at the outer and inner
edges of the shear layer, respectively. Normally Eq. (7) is
applied at separation, and it is assumed that only a certain
proportion A of the discharged circulation reaches the primary
vortices, > the rest of the discharged circulation being degraded
by the effects of viscosity and turbulence. Experiments
carried out by Sarpkaya and Garrison'? indicate that A is
approximately 0.5.

However, Eq. (7) can be applied to any part of the shear
layer. ‘Thus Gerrard?® arbitrarily chose a control surface
perpendicular to the freestream direction, and situated one
cylinder radius downstream of the circular cylinder. In the
present model a control surface perpendicular to the freestream
at the end of the shear layer is assumed. At this point the
velocity at the outer edge of the shear layer will not be much
above the freestream velocity, and the velocity at the inner
edge will be close to zero, so that Eq. (7) can be written

K~ 3$.U0% ®

Comparing this with the result obtained by Sarpkaya and
Garrison,'? namely

K~ 3(3U%ep) = 3[3(1.4U.)%]

approximately the same numerical value is obtained. This is
to be expected since the control surface is placed after the
shear layer which dissipates approximately half of the circula-
tion discharged from the boundary layer. This implies
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that, for small spin ratios, the spinning cylinder does not
significantly change the strength of the vortices from that
produced by a nonspinning cylinder. In nondimensional
terms, the main vortex strengths are give by I'y = —I', = 0.57.
This is in keeping with the approximately linear growth for
uniformly accelerated cylinders??® up to Ut/D = 4.

In Egs. (3) and (4) a vortex of strength T’y is placed at the
center of the cylinder to represent the cylinders’ spin. At the
edge of the cylinder (i.e. the inner edge of the boundary layer),
the spin is equivalent to a vortex of strength 27«. In the
present model it is assumed that only a small proportion of
the spin is transmitted through the boundary layer. Thus the
outer, invisced flow “feels’ a vortex of strength T'o =27k - «
at the origin. From Ref. 3 it is deduced that £ = 0.05. Thus
the primary effect of the spin on the outer flow is the marked
shift in boundary-layer separation positions. This in turn
causes the vortices to take up an asymmetric pattern. The
asymmetric vortex positions and the asymmetric separation
positions in turn generate an asymmetric pressure distribution
on the body, which results in a residual lift force.

In the region close to the cylinder surface immediately
after separation the flow is not affected by the freestream.
Therefore, in calculating the surface velocity and pressure,
it is approprlate to ignore the freestream and doublet term,
1--1/z%, in the separated flow region. This leads to a
discontinulty in pressuré coefficient at the separation position
equal to

ACp =3} U?sep — [Usep — 2sin(fsep)]?)
.= 2.sin(fsep).[Usep + sin(fsep)]. (9)

Since such a discontinuity is physically unrealistic, AC» is
subtracted from the calculated values of C» (due to vortices)
in the separated flow region.- In general, for the spinning
cylinder, the correction AC, obtained from the two separation
positions will be different. It assumed is that AC, varies
linearly between its values at the separation positions, i.e.,

ACp =ACp, +(¢p — ’Psepl/(PS_epz — @Psep)](AC, — ACH)

The correction to the over-all force coefficient is then given by

@sep,

A(Cp—i-Cp)=— f ACp.(cosp —ising)dp

Psepy

which can be evaluated to give

1 [(ACr; " @seps — AChy ¢Sepl) ; 3
AC, — = - (SID@sep; — SINPqep,)
°T2 [ (Psepz — Psens) Poens Pren2
—(ACp, — ACh,)

* (COS@sep; — COSPseps + Pseps *SiNPsep , —

((Psepl - (Psepz)
Psepy Sin?’sem)] 10
and

(ACPI <Psep2 ACPz ‘ ¢sep1)
(Psep; — Psens)
—(ACp, — ACyy)
(Psepz — Psens)

AC, = 5 [ * (COSPsepy — COSPsepy)

“(Sin@sep, — SINPsepy + Psepy - COSPsep; —

Psep2 ” COS(Psepz)] an

In evaluating Eq. (5) it is necessary to use the modified
complex velocity, dW/dz — (1 — 1/z2), in the separated flow
region. Since the term (1 — 1/z3) is a steady flow term, there
is no modification to the second part of Eq. (5), the unsteady
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force contribution. The first term in Eq. (6) becomes

St wrae [ () (2

Zsepy
i2m
¢ aw aw\?*
1—-1/z%)| 4. == - —
( /Z )] Z_‘_fzsepz( ) dz] 2 [é(dz) “
Zsepy

(1—1/z%). (2— -1 — 1/z’))dz]
Zsepy
where Zeep, iS the complex position corresponding to the
separation angle f,.,,. Thus the second term is the correction
to the steady Blasius force due to omitting the freestream

and doublet term -in the separated flow region. Let this
correction be X-
[[z +2/z—1/32° —2(1 - 1/2%) - W]?;‘i,’i
Zsep2
4. W/ZSdz]
Zsepy

which on evaluation, substitution for W and simplification
yields

x = % [[—-z ~2/z4+1/3z% + ik - a- Q2Inz - /22382 +

%[In(z —z1) (=14 1/z,®) +1n(z —1/2) - (1 — £,%) —

zsepz
Inz-(A+1/z:2 — 7, + - (1/21 — 7 — 1/22)] +

Zsepy

%[In(z —22) (=14 1z +InG — 1/2) - (1 — £°) —

Inz- (1 + 1z — 5,3 + = (l/zz——z _1/22)],5,,,2] (12)

Zsepy

Sarpkaya3° evaluates

22

by modifying Lagally’s theorem to give the forces in terms
of the vortex velocities which can be easily obtained by put-
ting z = z,,z, in Eq. (4). This gives

Cp=+T;" (U1 ’“Uu) + P; * (Uz _"Uiz) — Vi ® I'1 ~y;2 : rz
(13)
Co=+T:(1—us+u)+ T2l —uz+uy,) +
Xig * j[‘1 + Xip P2 (14)

where x; and y; are the coodinates of the image vortex, and
u, and v; are the velocity components of the image vortex,
which are given by

w d
el o

At each axial station, (x . tanf)/ D, Egs. (10) to (14) can be
evaluated to give the overall local lift coefficient on the section,
in terms of the measured vortex and separation positions.
By integrating the side force along the axsymmetric body,
the total side force is obtained.

The computed total side forces are shown in Fig. 10 for
angles of incidence, 15 and 30°, and for cross-flow Reynolds
numbers in the range 1.25 X 10* to 1 x 10°. It is apparent
that qualitative agreement has been obtained. In general
the predicted side force is more sensitive to small changes
in separation angle than in vortex position or strength.
The finite values of Cy at o =0 in Fig. 10 are due to using
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Fig. 10 Comparison of measured and predicted side force.

experimental values of the vortex and separation positions.

As indicated previously, a spinning, impulsively started
two-dimensional cylinder might be expected to produce a
negative Magnus lift force at small values of Ur/D for certain
subcritical Reynolds numbers. By applying the theoretical
model, described above, to the separation angles and body
vortex positions measured in the wake of a spinning, impul-
sively started two-dimensional cylinder it has been possible to
predict the Magnus lift force development with Uz/D. How-
ever the results'® did not indicate a large negative Magnus
force. This is not surprising since the Reynolds number of
the two-dimensional test was 6 X 103, whereas the cross-flow
Reynolds number at which the negative Magnus side force
occurred was 2.5 x 104, and further that the vortex positions
at equivalent values of Ut./D and (x. - tanf)/D for cross-flow
Reynolds numbers 6 x 10® did not agree with those for
2.5 x 10* (see Fig. 6). The negative lift force may well be
connected with the occurrence of tertiary vortices which are
present” at Recross = 2.5 X 10%.

Since the separation positions are in qualitative agreement
with those measured for steady flow (i.e., any induced vortex
effects on the separation positions are averaged out) about
a spinning two-dimensional cylinder® at comparable Reynolds
numbers, it seems plausible to suggest that the precise location
of the separation positions are principally a function of the
boundary-layer development around a spinning cylinder,
and that any perturbations in the pressure distribution caused
by the vortices, have only a small effect on the separation
positions. Given the asymmetric separation positions, it
has been shown that this alone would lead one to expect a
positive Magnus side force at subcritical Reynolds numbers.
In practice, a negative Magnus side force occurs due to the
particular vortex locations adopted (see Fig. 8).

Given an arbitrary separation configuration, the question
remains: why do the vortices adopt a particular pattern?
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One can only suggest that the vortices are forced to adopt
a pattern defined by some overall stability condition similar
to the Foppl condition for zero spin.**

Conclusion

It has been demonstrated that the explanation of the
negative Magnus lift force, experienced by a spinning two-
dimensional cylinder, can be meaningfully applied to the Mag-
nus side force experienced by a spinning slender body of
revolution at large angles of incidence, if proper account
is taken of the body vortices. In fact, the body vortices
cause a positive Magnus side force where the two-dimensional
explanation would lead one to expect a negative side force.
However, the location of the body vortices appears to be
prescribed by the particular separation position configuration
adopted.
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